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This paper presents a dynamic adaptive mesh refinement (AMR) capability for wall-modeled large-eddy
simulations (WMLES) of complex configurations using body-fitted, unstructured grids with hybrid element
types. The approach links legacy computational fluid dynamics (CFD) codes to a highly scalable octree-based
mesh-subdivision library capable of handling tetrahedral, prismatic, pyramidal, and hexahedral elements. By
defining and implementing a general application programming interface (API), the framework enables large-
scale dynamic AMR on high-performance computing (HPC) systems without requiring internal modifications
to existing CFD codes. The development of the AMR interface is described in detail and demonstrated by
coupling it with two CFD solvers, NSU3D and FUN3D. Results are presented for canonical test cases as well
as RANS and WMLES applications of industrial relevance, including efficiency and scaling performance. The
paper concludes with a discussion of future extensions, including support for GPU-accelerated architectures.

I. Introduction

The objective of this work is the development and demonstration of a dynamic adaptive mesh refinement (AMR)
capability for wall-modeled large-eddy simulations (WMLES) of complex configurations using arbitrary grid types,
including unstructured grids with hybrid element types. Our approach consists of linking legacy computational fluid
dynamics (CFD) codes to an octree subdivision library known as t8code,1 which is highly scalable and can handle
all element types, including tetrahedra, prisms, pyramids, and hexahedra. Through the definition and implementation
of a suitable API, our approach enables dynamic AMR at scale on high-performance computing (HPC) systems with
no internal changes to existing CFD codes. Although many WMLES applications can be considered as statistically
steady or quasi-steady problems for which an optimized final static grid can be constructed either manually or through
repeated application of AMR, the development of a fully dynamic AMR capability offers several advantages. Firstly,
an efficient dynamic AMR capability enables more frequent mesh refinement passes during the simulation phase,
opening up new possibilities in the use of refinement criteria targeting time-varying spatial error, while at the same
time retaining all the capabilities of quasi-steady AMR approaches, including techniques for targeting numerical and
modeling error separately.2 At the same time, the tightly coupled nature of the dynamic AMR library provides a more
streamlined and simpler-to-use workflow, which can be run seamlessly on large-scale HPC architectures, including
heterogeneous GPU hardware. Finally, we anticipate that truly dynamic AMR capabilities will be required for grand
challenge problems and certification by analysis, which involve multiple time scales, such as dynamic maneuvers
and/or relative body motion, in addition to the unsteady nature of scale-resolved turbulence eddies. In previous work,
we have developed experience with dynamic AMR for hybrid RANS-LES (HRLES) applications. Some of this initial
work was performed over a decade ago on the HELIOS rotorcraft code,3 which used an off-body Cartesian mesh
with patch-based subdivision dynamic AMR through the SAMRAI library.4 Subsequently, we developed an alternate
approach based on octree subdivision using the p4est library,5 initially developed at the University of Texas at Austin,
which was shown to be significantly more efficient and scalable than the patch-based approach. Although our initial
p4est implementation used the dynamic AMR capability on simple Cartesian meshes with high-order DG discretiza-
tions,6 more recently we have extended this capability to include curved and mapped element body-fitted meshes for
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HRLES and WMLES.7 However, as with most subdivision AMR libraries, p4est is limited to the use of hexahedral
element meshes and is thus not suitable for near-body meshes and complex configurations.

t8code is a new dynamic element-subdivision AMR library being developed as a successor to p4est, which pro-
vides support for arbitrary element types.8 t8code is an open source library,9 supported by DLR in Germany, which
incorporates all of the p4est functionality for hexahedral elements, and adds support for tetrahedral, prismatic, and
pyramidal elements. Both p4est and t8code use the forest of octrees paradigm. In this approach, an initial coarse
unstructured mesh is read in, and each element of the mesh is used to define the root node of an octree, which enables
recursive subdivision of that element and its refined children, as illustrated in Figure 1. In p4est, the initial forest
of octrees was not distributed, whereas in t8code, the octree forest is fully distributed across all processors, enabling
better scalability and the use of significantly finer initial meshes, as is required for complex configurations. As with
p4est, t8code is designed to efficiently manage distributed adaptive meshes according to user-supplied refinement and
coarsening criteria. The library performs mesh refinement, repartitioning, and load-balancing, while ensuring 2:1 re-
finement interfaces and managing ghost or halo inter-processor MPI communication schedules.10 Other capabilities
are available, such as fast search algorithms for point-in-cell inclusion tests. t8code has been demonstrated on up to
one million MPI ranks and over 1 trillion mesh elements, targeting exascale applications on leading-edge hardware.11

Although p4est and t8code offer various functionalities, our approach consists of using the minimum information
from these AMR libraries that is needed to reconstruct the specific data structures and information required for the
target CFD codes. Generally, this consists of using only mesh topology and MPI communication patterns determined
by the AMR library. For example, given the mesh topology, different data structures are required for cell-centered
versus node-centered discretizations. Similarly, during a regridding and load re-balancing operation, the cell address
correspondence between old and newly distributed grids is used to build the appropriate MPI communication buffers,
which are then used for the solution-data transfer. Minimizing our API dependence on the AMR library in this
way enables offloading these additional operations to GPU architectures in future work, where the paradigm consists
of having the dynamic AMR library manage the mesh topology on the host CPU cores while all other operations,
including flow solution, reside on GPUs, and direct GPU-to-GPU communication is used. Additionally, this strategy
will facilitate the use of alternate AMR libraries within our framework in the future.

Figure 1. Illustration of octree refinement strategy for hexahedral element meshes.

The development of element-subdivision AMR methods9, 12 has progressed somewhat separately from anisotropic
local13 and global14–17 remeshing work, which has been prevalent in the aerospace CFD community, particularly for
RANS applications. On the one hand, dynamic AMR applications of the subdivision approach, until recently, have
been mostly confined to Cartesian or hexahedral meshes, which have limited its applicability. At the same time,
subdivision approaches, which mostly produce isotropic refinement patterns, have generally been concerned with the
efficiency and scalability of the mesh refinement mechanics. For WMLES applications, the use of anisotropic refine-
ment is arguably less important, with the preservation of near-isotropic cells seen as a desirable feature. Additionally,
the efficiency and scalability of the method take on additional importance for dynamic applications. On the other hand,
the anisotropic refinement community has made significant advances in mesh refinement criteria, error estimation, and
the robust inclusion of geometry data for CFD applications. The objective in this work is to combine the best of both
approaches into a framework that is suitable for WMLES applications for complex configurations using body-fitted
unstructured meshes.

A. Adaptive Mesh Refinement Interface Development

1. Approach

Here, we focus on the implementation of dynamic AMR through the development of our interface for linking legacy
CFD codes with the t8code AMR library. In general, our approach is to use the minimum information necessary from
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the AMR library and reconstruct all required information in the interface using the native flow solver routines based on
the input from the AMR library. For example, the AMR library is capable of providing face normals, cell volumes, and
other metrics, although we avoid using these facilities to ensure that the flow solver reproduces identical results on a
static mesh, whether used directly or through the AMR library. The basic information required from the AMR library
includes lists of cells on each partition, with inter-partition communication schedules (i.e., real to ghost cells), as well
as vertex coordinate information. We consider AMR interface implementations for cell-centered discretizations as
well as vertex-based discretizations. The implementation is more complicated for vertex-based discretizations due to
the fact that the t8code AMR library does not include any concept of global vertex addresses. This is illustrated in
Figure 2, with a simple example of quadrilateral cells in 2D that are split across two partitions. In this case, each
cell appears once in a particular partition. However, at partition boundaries, vertices that belong to cells on both sides
of the partition are replicated in each partition. t8code, as well as many other cell-based AMR techniques, do not
include information on which vertices are replicated and do not include the notion of real (i.e., dominant) and ghost
vertices. Therefore, additional implementation is required to establish these qualifiers, using cell-to-vertex information
and inter-partition cell transfers (i.e., real-cell to ghost-cell MPI communication).

For cell-centered discretizations, non-contiguous refinement boundaries can be handled in a straightforward way
using the native face-based fluxes inherent in these discretizations, as illustrated in Figure 3. However, for vertex-
based discretizations, additional complications arise at non-conforming refinement interfaces. These can be treated in
two ways. The first involves modifying the discretization in the CFD code to explicitly take into account these non-
conforming topologies. The second approach involves the use of transition elements, where large cells at interface
boundaries are refined anisotropically in a manner that ensures contiguous faces across all elements in these regions.
This approach is adopted in this work, in the interest of providing a software interface that requires no changes to
legacy CFD solvers.

Figure 2. Illustration of cell-based partitioning used by t8code AMR library with replicated vertex values.

Figure 3. Illustration of non-conforming refinement boundary using (left) face-based fluxes at interface for cell-centered discretizations
and (right) transition elements for vertex-based discretizations.

In using transition elements to merge together the refined and unrefined cells on either side of the refinement
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boundaries, we assume no greater than 2:1 refinement jumps at non-contiguous interfaces, which can be guaranteed by
the t8code refinement library. The principal idea is to split unrefined elements at these boundaries into topologies that
include only known element types (i.e., tetrahedra, prisms, pyramids, and hexahedra) and result in fully contiguous
meshes with no overlap or non-matching faces. In this manner, the CFD code can proceed on the resulting mesh
without the need for any internal modifications.

For the creation of transition elements, only a specific number of cell refinement patterns are permitted for each cell
type. For tetrahedral elements (the simplest case), only three types of refinement are permitted, i.e., two transitional
element refinement types, and a full 8:1 refinement type, as shown in Figure 4. Thus, if a tetrahedron has one face
that lies on a non-contiguous refinement boundary, that element is subdivided following the 1:4 pattern in the figure,
resulting in a conformal face topology at that boundary. However, elements may exist that are not refined but include
an edge that is refined by a neighboring element subdivision. In this case, the tetrahedron can be subdivided into two
smaller tetrahedra, as a 1:2 subdivision, as shown in the figure. On the other hand, if a tetrahedron is found that has two
edges that do not share a face that are subdivided, then there is no compatible transition element subdivision possible,
and the element is flagged for full 8:1 refinement. For other element types, there are more permitted subdivision
types, although these are still restricted to those shown in Figures 5, 6 and 7 (for hexahedral, prismatic and pyramidal
elements, respectively) which are determined by the cell edges that must be refined.

One of the aspects of this approach is that each time an element is flagged for refinement into transition elements
(or full refinement if incompatible refinement is detected), new additional edges on these cells may be flagged for
refinement. Since each edge is shared by a variable number of elements, these in turn affect the refinement pattern of
neighboring elements. Thus, the process of determining a compatible refinement pattern is iterative. Multiple passes
must be made through the mesh until no new edges are refined and a compatible refinement pattern is obtained. At
this point, the transition elements can be inserted, and the resulting mesh is guaranteed to be fully contiguous.

It is important to note that the transition elements are invisible to the AMR library, which only accounts for fully
refined elements and is agnostic about the creation of any transition elements. The transition elements are discarded
prior to the next adaptive refinement operation, and are never further subdivided themselves in the AMR process, thus
avoiding the generation of poorly shaped elements which could result from the subdivision of transition elements.

Note that his approach is based on edge refinement rather than cell refinement, whereas the AMR library does not
maintain any edge data structures. The implementation of compatible refinement patterns and the creation of transition
elements are performed in a two-level approach, where the t8code AMR library is responsible for all fully refined
elements, and the interface routines are responsible for establishing compatible refinement patterns and inserting
transition elements. In a first pass, the flow solver determines a set of cells to be refined or de-refined, and sends this
cell-refinement map to the t8code AMR library, which returns the refined mesh, which also enforces 2:1 refinement
boundaries. Next, the interface routines extract the edges of the mesh and identify edges that are split at refinement
boundaries. Cells with incompatible edge refinement patterns are then flagged for full refinement. This is done by
flagging all edges of the cell for refinement.

Once a compatible refinement pattern has been determined, the t8code library is called again to refine the additional
cells marked for full refinement, and the transition elements are inserted into the resulting mesh. Due to the requirement
of enforcing 2:1 refinement boundaries, it is possible that the mesh returned from the library contains additional refined
cells, and a new compatible refinement pattern may need to be established. Thus, the procedure may be repeated until
a compatible edge refinement pattern is established that requires no new fully refined elements.

On the first level of refinement, at most a single additional pass may be required, whereas with further refinement
levels, more passes are possible. In practice, only 2 or 3 passes are usually required to obtain a compatible edge-
refinement pattern with multiple refinement levels. This was the case in the original work on transition elements
performed by the first author in reference,18 and has been found to hold for most cases tried to date in this project.
We note that our interface can be extended to determine a compatible refinement pattern that enforces 2:1 refinement
boundaries on its own, resulting in no additional passes through the t8code library, although this has not been pursued
as the additional complication was not deemed necessary.

2. Incorporating CAD-consistent geometry

A capability for positioning newly refined surface mesh points on the original CAD geometry definition during the
AMR process has also been developed and is illustrated herein. For CFD meshes generated with the Heldenmesh
software, a projection tool has been developed by Helden Aerospace Inc. to project each newly created surface
mesh point onto the geometry definition used by the Heldenmesh software in the generation of the original coarse
mesh. In the AMR process, initial refined surface mesh point coordinates are computed using linear interpolation
from surrounding coarser-level mesh points. All new surface mesh points created on each MPI rank are then gathered
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Figure 4. Permitted subdivision types for tetrahedral elements.

Figure 5. Permitted subdivision types for hexahedral elements.
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Figure 6. Permitted subdivision types for prismatic elements.

Figure 7. Permitted subdivision types for pyramidal elements.
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and written to a file. Each MPI rank then executes an instance of the Helden projector code, which reads in the
corresponding list of points to be projected and, in turn, writes out a new list of surface point coordinates. These new
coordinates are then read back in by the corresponding MPI rank in the AMR interface. These new coordinates replace
the original values obtained by linear interpolation in the newly refined AMR mesh.

In addition to the initial point coordinates, the mesh point files supplied to the Helden projector kernel contain one
or two patch numbers for each point, corresponding to the geometry patch onto which the point should be projected,
and a normal vector, which defines the direction of projection. The projection algorithm is illustrated in Figure 8, for
a case with a coarse initial mesh in the presence of high curvature CAD geometry. An initial approach that locates
the closest normal distance point on the CAD geometry was found to be inadequate for these types of configurations,
as shown in the middle figure, whereas the use of the face normal projection direction was found to be more accurate
and robust, as shown in the right figure. Inclusion of the CAD surface patch ID in the input file ensures that the mesh
point is projected to the correct corresponding CAD surface. For cases where a new point resides on the boundary of
two patches, both patch IDs are listed, ensuring that the new point lies exactly on the delimiting or trimming curve
between these two patches as defined in the CAD geometry.

Figure 8. Surface point projection onto CAD consistent geometry

Once the surface mesh points have been projected to the CAD surface geometry, the positions of the interior CFD
mesh points must be smoothed in order to guarantee a consistent mesh. This is achieved by invoking a previously
developed mesh deformation solver.19 This code has been added to the AMR interface as a callable component that
takes as input a mesh with original and displaced coordinates, and returns a set of new smoothed mesh coordinates.
The mesh deformation code is based on a linear elastic analogy, which treats the interior mesh as an elastic material that
deforms in response to the applied surface displacements, using a variable modulus of elasticity that can be prescribed
as inversely proportional to the local cell volume, thus avoiding the creation of small and/or negative volume cells in
the final AMR mesh.

A demonstration of the surface point projection approach is provided using the HLPW5 Case 1 geometry.20 The
initial mesh consists of a WMLES mesh generated by Helden Aerospace Inc., containing approximately 5.6 million
vertices. This mesh corresponds to a uniformly coarser version of the workshop mesh labeled h5c1 xc 1.lb8.ugrid
available on the workshop website (mixed-element unstructured, 39.3 million points). Although the initial mesh con-
tains a relatively fine surface discretization, small geometric features in the region of the wing-tip trailing edge are
poorly resolved on this mesh, as shown in the coarse mesh detail in Figure 9. The figure illustrates the progressive re-
finement from the initial mesh through two full refinement passes, showing how the refined meshes gradually improve
the approximation of the surface geometry in the wing tip region. In this example, for the finest mesh running on 400
CPU cores, 13 million surface points were projected in 10 seconds of wall clock time.

3. AMR Parallel Performance

In this section, we examine the parallel performance of the AMR process for full refinement of a complex geome-
try. The test case uses the HLPW5 Case 2.4 configuration,20 a full detailed high-lift geometry shown in Figure 10.
This configuration is substantially more complex than the Case 1 configuration, with 655 surface patches in the
Heldenmesh surface definition. The initial mesh is a WMLES mesh generated by Helden Aerospace Inc., contain-
ing approximately 19.4 million vertices. It corresponds to a uniformly coarser version of the workshop mesh labeled
h5c21 wmles xc07.b8.ugrid (mixed-element unstructured, 76 million points) available on the workshop website. Two
full-refinement passes are applied to this mesh, producing meshes with approximately 153 million and 1.2 billion
points, respectively. The wall-clock times for the total and individual refinement stages are summarized in Table 1, for
runs executed on 400, 3200, and 6400 cores. For each configuration, the total refinement time is compared against the
cost of a representative CFD solver cycle (a single point-implicit RK3 step and the solution of a BDF2 time-implicit
step using 25 linear solver subiterations). These results show that the t8code refinement library is extremely fast, ac-
counting for only a small fraction of the total refinement time. The subsequent data-structure construction phase scales
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Figure 9. Illustration of CAD-consistent mesh refinement for HLPW5 Case 1 test case highlighting recovery of CAD geometry with
increasing refinement levels in wing-tip trailing edge region and (far right) overlay of initial and final refined surface mesh.

approximately linearly with grid size and inversely with the number of processor cores. However, the absolute time
required in this phase is not yet optimal, and work is ongoing to improve its overall efficiency. The CAD-projection
phase exhibits significant processor-to-processor variability. In Table 1, the first number reports the time on processor
0, while the second number reports the global wall-clock time required for all processors to finish. The discrepancy
reflects load imbalance arising from the highly uneven distribution of surface grid points among processors. The to-
tal refinement time also includes additional required operations—such as CFD-specific data-structure generation and
mesh-consistency checks—but excludes the mesh-smoothing process. The latter contributes roughly 20–40% of the
total refinement cost for these cases, as shown in the table. The overall refinement time (including all components) is
equivalent to roughly 24 point-implicit RK3 solver cycles or 1–2 BDF2 time steps (with 25 linear-solver subiterations)
for the largest mesh on 6400 cores. These results demonstrate that the current implementation is sufficiently efficient
and scalable for use in dynamic WMLES simulations. Although these full-refinement test cases highlight the perfor-
mance of the CAD-projection operations, they do not assess the transition-element insertion phase, which is addressed
separately in Section F.

4. AMR Interface for Linking CFD solvers

The AMR API has been implemented using a driver code that calls the AMR library and the flow solver in sequence,
using its own set of registered memory pointers to pass information back and forth between these two software appli-
cations. This approach was driven by our experience with HELIOS, which uses a Python driver, although the current
driver is very lightweight and written in modern Fortran. In general, the information required by the AMR library
from the flow solver consists of a single array with one integer per cell, which identifies each cell as either flagged for
refinement (ITAG=1), flagged for coarsening (ITAG=-1), or no change (ITAG=0). Conversely, the flow solver receives
from the AMR library memory pointers that allow a description of the newly refined and redistributed (i.e., load-
balanced) mesh. These include a list of cells and vertices on each partition, along with a classification of vertices as
real or ghost, and the required MPI communication schedules (send-receive patterns) for the CFD code. Additionally,
the flow solver must supply the current flow solution to the AMR library, which returns the flowfield projected onto
the new refined AMR mesh. The Fortran driver code approach has been used to link the AMR library to our in-house
NSU3D flow solver21 as well as the NASA FUN3D code.22
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Figure 10. Illustration of HLPW5 Case 2.4 Heldenmesh geometry definition comprising 655 surface patches.

Table 1. Mesh sizes and timings for 2-level refinement of initial coarse Heldenmesh WMLES mesh for HLPW5 Case 2.4 test case running
on 6360 cores.

II. Test Cases and Results

A. Preliminary Dynamic AMR Demonstration Test Case

The first test case involves WMLES for flow over a sphere using a cell-centered discretization version of our in-house
NSU3D flow solver with dynamic AMR. The flow conditions are set as: Ma = 0.1, Re = 4× 105. The initial mesh
was generated using the GMSH software23 and contains 50,479 vertices and 260,050 cells. The mesh contains layers
of prism elements near the body, while the remainder of the domain is filled with tetrahedral elements. Dynamic AMR
is used with four levels of refinements (a total of five mesh levels), and the entire case was run on 240 cores in one
batch job. Because this case uses a cell-centered discretization, there are no transition elements in the AMR meshes,
and the hanging node interfaces are handled naturally by the CFD discretization as shown in Figure 3. The adaptation
criterion is based on the gradient of velocity, and refinements are applied every 50 time steps at the beginning of
the simulation, and every 200 time steps for simulation times beyond 3000 time steps, initially using three levels of
refinement. After 8000 time steps, one additional refinement using four levels is performed, after which the mesh is
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frozen, and the simulation is run out on the final adapted mesh, which contains close to 7 million vertices. The AMR
is used in a refine-only mode, where cells can be refined in regions of high velocity gradients, but never coarsened. In
this manner, the AMR gradually fills in wake regions as they develop. A time history of the number of mesh vertices
and cells as the AMR progresses is shown in Figure 11, where the final number of mesh cells is approximately 15
million (with 7 million vertices). Figure 11 shows the drag coefficient history. This figure also provides two snapshots
of the dynamic AMR process along with the evolving solution. A full video of the mesh and solution time history is
available at https://server.scientific-sims.com/cfdlab/AMR/re4E5.gif

Figure 11. Illustration of dynamic AMR for cell-centered WMLES of flow over sphere; (left) early simulation time, (right) later simulation
time. Bottom: Time history of dynamic AMR mesh size in terms of vertices and cells.
Full time history movie file available at: https://server.scientific-sims.com/cfdlab/AMR/re4E5.gif

In these simulations, the new surface points created in the AMR process were linearly interpolated from surround-
ing mesh points, resulting in a faceted sphere surface, which makes the accurate prediction of drag not feasible for
this case. This was one of our first dynamic AMR simulations and served to demonstrate the feasibility of performing
dynamic AMR with WMLES simulations in terms of the scalability and efficiency of the AMR process relative to the
CFD solution.

B. Steady RANS Demonstration Case

Although the adaptive mesh refinement (AMR) capability is primarily designed for dynamic adaptation in scale-
resolving simulations, it can also be applied effectively to steady RANS problems. In such cases, the AMR interface
provides an efficient, scalable and streamlined workflow for managing mesh refinement without manual intervention,
while still maintaining high grid quality. For this demonstration, the NSU3D solver was used to compute the DLR-F6
wing-body configuration at Mach 0.8, angle of attack α = 1◦, and Reynolds number Re = 3×106, based on the mean
aerodynamic chord. The flow features a relatively strong transonic shock. This case was computed employing the Roe
flux scheme with a limiter, consistent with typical steady RANS practices. The initial unstructured mesh contained
approximately 1.2 million points and consisted of tetrahedral elements in the outer regions, with prismatic elements in
the boundary layer regions and a small number of pyramidal elements in viscous/inviscid transition regions.

A mesh refinement criterion based on the gradient of density was used. In this case, cells with gradients larger
than the mean cell gradient computed over the entire mesh were flagged for refinement at each AMR pass. Only
refinement was considered, and no cell coarsening was applied. Although this approach does not constitute an optimal
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error indicator, it effectively targets shock structures and other regions of strong flow gradients, making it well-suited
for demonstration purposes.

Three grid levels were generated: the initial mesh followed by two progressively refined AMR meshes. The solver
was run for 500 iterations on each grid level prior to initiating the next AMR pass. Figure 12 shows the three resulting
meshes. The first-level mesh contains 1.2 million points, the second 3.9 million points, and the third approximately
14 million points. Refinement occurs in regions of high gradients, including the leading and trailing edges, as well as
across the shock waves. The AMR process produces a smooth element distribution and maintains good mesh quality
throughout. Figure 13 depicts the computed surface pressure contours on each mesh level, showing increasing suction
peaks and finer shock resolution on the adaptively refined mesh levels.

The convergence history of the entire simulation is shown in Figure 14. Convergence on the finest grid exhibits
stalling, attributable to limiter chatter in regions of strong shocks. However, the lift coefficient converges rapidly on all
three grids, showing a trend towards grid convergence with increasing AMR levels. Furthermore, the smooth changes
between grid levels are indicative of the accuracy of the solution interpolation between grid levels, which is nominally
second-order accurate. The entire calculation, run on 200 processor cores, required approximately one hour of wall-
clock time, dominated by the solution on the finest level, which ran at 6.4 seconds per cycle. The AMR operations
accounted for less than 1% of the total runtime due to the large number of flow-solver iterations performed between
AMR passes in this steady-state setting. Note that achieving equivalent resolution in the refined regions of the finest
AMR mesh (14M points) using a global refinement approach would result in a mesh of 76 million points.

Figure 12. Adaptively refined meshes for NSU3D steady RANS simulation of flow over DLR-F6 wing-body: (left) Initial mesh: 1.2M points,
(center) AMR Level 1 mesh: 3.9M pts, (right) AMR Level 2 mesh: 14M pts)

Figure 13. NSU3D computed pressure distribution on adaptively refined meshes for RANS simulation of flow over DLR-F6 wing-body

C. Convecting Vortex Test Case

In order to demonstrate a simple transient case, a convecting vortex test case has been set up and run using the FUN3D-
AMR interface. This case is run in URANS mode with FUN3D, using the fully upwind scheme (Roe scheme with
κ = 0) and the BDF2OPT time-stepping scheme. The flow is initialized with an isentropic vortex in a freestream flow
with Mach = 0.2 in the x-direction. The domain is periodic in the x-direction, and the simulation is run for two CTUs,
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Figure 14. Convergence history for adaptive mesh NSU3D solution of flow over DLR-F6 wing-body

which corresponds to two passes of the vortex through the domain, using 1000 time steps per CTU (time step of 0.1 and
total time of 200, domain size 20,1,10 in x-y-z, respectively). The initial mesh contains 14,652 prismatic elements with
11,352 vertices. Ten time steps are performed on the initial mesh, and three refinement levels are added consecutively
at time levels 1, 2, and 3 (corresponding to time step numbers 10, 20, and 30. The refinement criterion is based on the
density value, where refinement is triggered for density values below 0.99996. Thereafter, the mesh is adapted every 10
time steps, resulting in a refined region that tracks the convecting vortex in space throughout the simulation. Figure 15
depicts the resulting mesh at time levels just prior to the addition of the next refinement level, as well as at further
time instances as the vortex convects downstream. The refined AMR mesh varies in time but contains, on average,
approximately 260,000 vertices with 11,00 tetrahedra, 12,000 pyramids, and 470,000 prisms. Figure 16 compares
the flow solution from the same simulation on the initial (static) mesh with the dynamic AMR mesh, showing much
lower diffusion of the vortex structure over time, as expected. The simulation was run on an 8-core laptop computer
and required 3.65 seconds per BDF2OPT time step for FUN3D. Each AMR pass required 4.65 seconds, which is
equivalent to the time required for 1.27 time steps. Since the AMR passes were only executed every 10 time steps, the
AMR time constitutes about 11% of the total simulation time. Although this test case does not involve a turbulence
scale-resolving CFD simulation, it demonstrates the effectiveness of the AMR process in preserving flow features with
localized refinement and coarsening, and will prove useful for cases with isolated larger-scale flow features such as tip
vortices or strake wakes.

D. Channel Flow Test Case

The LES community has considerable experience with channel-flow simulations, making this configuration an ideal
initial test case for turbulence-resolving methods. Furthermore, the characteristics of an “optimal” grid are reasonably
well established, providing a good benchmark for evaluating AMR for scale-resolving simulations. For this case, the
first task consists of establishing a well-resolved baseline solution with FUN3D to be used as a reference for comparing
the accuracy of subsequent AMR solutions. A relatively fine mesh consisting of purely prismatic elements with
38,093,825 vertices was constructed, matching the resolution described in reference.24 Periodic boundary conditions
are applied in the streamwise and spanwise directions. The bulk Mach number for this case is 0.2, and the conditions
are identical to those given in reference.24 A non-dimensional streamwise pressure gradient value of d pdx = 1.148E−
4 and the value of κ = 0.9 were specified, where the κ parameter determines the level of blending between upwind
and central difference schemes in FUN3D for reduced dissipation with higher κ values. The flow was initialized
using a mean channel-flow velocity profile with random perturbations of amplitude 45% of the freestream velocity.
In all cases, the flow solution was run out to a minimum nondimensional time of 45, where the time variable is
nondimensionalized by the streamwise length of the computational domain over the bulk velocity Lx/Ub.

Two AMR runs were also performed using an isotropic version of the filtered velocity refinement criterion de-
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Figure 15. Illustration of the AMR grid used for the convecting vortex test case. Initial mesh at first time step is refined around vortex
region by three levels at time levels t = 2, t = 3, and t = 4, respectively, using a time step size of ∆t = 0.1, and the refined region follows the
convecting vortex thereafter by performing an AMR pass every 10 time steps.

Figure 16. Illustration of convecting vortex at initial time and after one and two passes through the periodic mesh domain. Upper row:
Static mesh, Lower row: AMR mesh. Results obtained using the AMR interface linked to FUN3D.

scribed in reference.25 The essence of this criterion is to provide a measure of the energy of the small turbulence
scales to drive the AMR process. The smallest resolved scales can be extracted as

u∗ = u′− û (1)
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where u′ is the instantaneous velocity field and û denotes a spatially low-pass filtered velocity. In this work, we
construct an isotropic filtered velocity field as:

u′ = û−α
2 ∂2û

∂x2
i

(2)

where α defines the filter width and is taken as α2 = ∆2

4 , and ∆ = Vol
1
3 is a measure of the local mesh element size.

Equation (2) corresponds to an implicit smoothing equation of the instantaneous velocity field, which is discretized by
Galerkin finite elements and solved for û to machine precision using O(100) Jacobi iterations. The error indicator at a
point is then defined as

A =
√
⟨u∗i ·u∗i ⟩ (3)

where the subscript i denotes the x-y-z velocity components. The error indicator A is averaged in time between
refinement passes as

A =
1
n

n

∑
k=1

(Ai) (4)

where n is the number of samples used for the temporal averaging. With a user chosen threshold value Athresh, the
target grid spacing is defined as

∆target =

(
Athresh

A

)1/β

∆ (5)

or

r∆ =
∆target

∆
=

(
Athresh

A

)1/β

(6)

In this case, the value β = 2 has been used, corresponding to a second-order accurate spatial discretization. Finally, a
vertex-based refinement tag is constructed as:

itag =


1 r∆ < r∆Lower refinement
0 r∆Lower ≤ r∆ ≤ r∆U pper no change
−1 r∆ > r∆U pper coarsening

(7)

This refinement tag is averaged to the cells and passed to the AMR library in order to generate the next AMR mesh.
In practice, this approach was found to generate sporadic regions of refinement in the domain due to the random

turbulent fluctuations. Although these diminish with increased time averaging, a spatial averaging process was also
applied to the error indicator A in order to obtain smoother refinement patterns. An anisotropic version of the low-pass
filter described above is used as the space smoothing operator for the error indicator A:

A = Â− ∂

∂xi

(
pi j

∂Â
∂x j

)
(8)

where pi j is a metric tensor. For smoothing only in the x, y and z directions, the metric tensor can be defined as

pi j =

cx 0 0
0 cy 0
0 0 cz

 (9)

By adjusting the values of the matrix pi j, smoothing can be achieved in any specific direction on the unstructured
mesh. For the channel flow test case, smoothing has been applied in the spanwise and streamwise directions by setting
cx ≈ cy ≫ cz.

The initial prismatic mesh for the AMR simulations contained 79,233 vertices, obtained as a uniform coarsening
of the fine mesh described above. Three levels of refinement (i.e., four mesh levels including the initial mesh) were
used, and refinement passes were performed every 10,000 time steps. The refinement criterion A was evaluated every
20 time steps, generating 500 samples for time averaging between refinement passes. Two AMR simulations were
performed, denoted as AMR1 and AMR2, using the different threshold values Athresh = 0.004 and Athresh = 0.002,
respectively. The meshes of AMR1 and AMR2 were frozen after 12 and 17 refinement passes(120,000 and 170,000
time steps), respectively. Then, the solution statistics were gathered over a subsequent period of 100,000 time steps.
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Figure 17 illustrates the computed solutions at the end of the simulation for the static fine mesh and AMR meshes,
which are qualitatively similar. A perspective view of the computational domain and corresponding final meshes is
shown in Figure 18. The drag coefficient histories for all three simulations (static fine mesh and two AMR simulations)
are shown in Figure 19, showing good agreement with the reference value of 0.0058 and in agreement with results in
reference.24 The second part of the figure shows the growth history in the mesh size for the AMR solutions compared
with the static fine mesh resolution. The final meshes for the two AMR solutions contain 6.9 and 12.7 million points
for threshold levels of Athresh = 0.004 and Athresh = 0.002, representing a factor of 6 and 3 reduction compared to
the fine mesh, respectively. Figures 20 through 23 illustrate the physical mesh size distribution along with the mesh
spacing as a function of the wall-normal distance z and z+, for the fine mesh, as well as the initial and final AMR
meshes. The AMR meshes show significant refinement in the near-wall region, with much coarser final resolution in
the center of the channel compared to the static fine mesh. Comparing Figure 22 and 23 shows that the AMR1 solution
maintains the initial coarse mesh resolution in the center of the channel, whereas the lower threshold AMR2 solution
applies one level of refinement in this region. Perhaps more importantly, the AMR2 solution also results in additional
refinement in the log layer z+ ≈ 100 region compared to the AMR1 solution.

Figure 24 depicts the mean velocity profiles computed for all three simulations, which compare well with the
results from reference24 and the log layer profile near the wall. The figure also compares the computed Reynolds
stress components for all three simulations with those from reference.24 Good agreement is observed for the cross
terms, although the u′u′ term is slightly overpredicted by the AMR simulations when compared to the equivalent
results in the reference. However, the AMR2 results, which resulted in finer wall resolution, compares more favorably
with the current fine mesh and reference results.

Figure 17. Illustration of turbulent channel flow computed with FUN3D on fine mesh (left) and on AMR meshes (right)

Figure 18. Fine mesh (38M pts) and adaptively refined meshes for Channel Flow test case.

E. Backwards Facing Step Test Case

The backward-facing step test case was simulated using FUN3D linked to our AMR interface. This test case has been
computed previously by Toosi and Larsson,25 which will serve as a basis for comparison in this work. The step height is
taken as 1.0 and is located at the origin of the streamwise x coordinate system. The Reynolds number based on the step
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Figure 19. (left) Drag coefficient history for channel flow simulations; (right) History of dynamic AMR mesh sizes.

Figure 20. Spanwise cut of fine grid and fine grid resolution as a function of z (wall normal direction) and z+ (over half channel).

Figure 21. Spanwise cut of initial AMR grid and initial grid resolution as a function of z (wall normal direction) and z+ (over half channel).

height h and inflow velocity Uin f is Reh = 5100, the inlet Mach number is 0.2, and the top boundary is a slip wall placed
5h above the upstream wall. The computational domain extends 20h upstream of the step, 25h downstream of the step,
and has a width of 4h. Periodic boundary conditions are used in the spanwise direction. This flow contains an attached
turbulent boundary layer upstream of the step, a free shear layer after the separation, an impingement/reattachment
region, and a large recirculation zone. The combination of multiple different building-block flow types makes this a
good test case to assess the AMR capability. A small step of height 0.4 is placed at the base of the inlet boundary
in order to cause separation-induced turbulence in the inlet boundary layer. The value κ = 0.9 was also used in the
FUN3D simulations, since lower values were found to suppress turbulence ahead of the step. This combination of
inlet treatment and κ value resulted in a turbulent boundary layer ahead of the backwards-facing step as seen in the
solution shown in Figure 25.

The solution was run for a total of 260 CTUs, using 1000 BDF2OPT time steps per CTU (based on the step height).
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Figure 22. Spanwise cut of final AMR1 grid and AMR1 grid resolution as a function of z (wall normal direction) and z+ (over half channel).

Figure 23. Spanwise cut of final AMR2 grid and AMR2 grid resolution as a function of z (wall normal direction) and z+ (over half channel).

Figure 24. (left) Computed mean velocity profiles for fine grid and AMR grid simulations compared with results from reference24 and log
layer profile; (right) Computed Reynolds stress terms compared with results from reference.24

The initial mesh contained 195,300 vertices, and AMR passes were performed every 5000 time steps over 210,000
time steps (total of 42 AMR passes) using the filtered velocity refinement criterion from reference.25 In this case, the
value Athresh = 0.002 was used and the A indicator was sampled every 20 time steps. The AMR was subsequently
frozen and an additional 50 CTUs or 50,000 time steps were performed for extracting flow statistics. The final mesh
contained a total of 13,671,435 vertices, using three levels of refinement. Figure 25 illustrates the adapted mesh at 69
CTUs showing refinement along the turbulent boundary layer upstream of the step, as well as in the shear layer region
downstream of the step. The reattachment line is seen to be approximately at the x = 5 location, which is slightly
upstream of the experimental and computational results reported by Toosi and Larsson.25 The refined meshes are seen
to capture the shear layer that develops over the top of the step, and also focus on the reattachment region, while
leaving the recirculation region near the base of the step relatively coarse. These mesh characteristics are consistent
with those described in reference.25
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Figure 26 compares the mean velocity and Reynolds stress terms at two different streamwise locations with the
DNS results reported in25 and with accompanying experimental results from reference.26

Overall, the results show reasonable agreement. The mean velocity and the streamwise normal Reynolds stress
component are overpredicted by the AMR simulation. However, this effect is less pronounced in the downstream
x = 10 location, suggesting that the discrepancies may be due to the inlet boundary layer turbulence characteristics.
This may not be surprising given the simple approach used to trip the inlet boundary layer. Work is underway to look
at more sophisticated inlet profile specification methods and to quantify the inlet boundary layer profile for both static
mesh and AMR solutions.

Figure 25. Instantaneous velocity and skin friction profiles and adaptive mesh for AMR simulation of backwards facing step at time of 69
CTUs based on step height.

Figure 26. Computed mean velocity and Reynolds stress profiles at x = 4 and x = 10 streamwise stations compared with DNS results from
reference25 and experimental results from reference.26

F. High-Lift Test Case

In this section, we present WMLES results using dynamic AMR for the HLPW5 Case 1 wing–body configuration,20

computed with the NSU3D flow solver. At the time these simulations were performed, the CAD-based surface point-
projection capability and WMLES-specific refinement criteria were not yet operational, and a simple density-gradient
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refinement criterion was employed in the AMR process. As a result, the outcomes shown here are primarily qualitative
and are intended to demonstrate the feasibility of this approach for WMLES of industrially relevant configurations.

For the current study, a coarse mesh containing 5.4 million points and 14 million cells (5 million tetrahedra, 2
million pyramids, and 7 million prisms) was provided by Helden Aerospace Inc. This mesh was designed to be
approximately 2x coarser in each spatial direction than the XC mesh for WMLES posted by Helden Aerospace on
the HLPW5 web site, allowing for multiple adaptive refinements. The original workshop XC mesh was designed to
have a first cell spacing of 0.21 inches and approximately y+ = 160, whereas the current mesh has a normal spacing
of approximately 0.42 inches, corresponding to roughly y+ = 320.

In a preliminary study, we performed a single refinement level of this initial mesh to test the capability at scale
and to examine the quality of the resulting refined mesh regions, including the use of transition elements for NSU3D
in WMLES mode. Figure 27 depicts the original and refined surface mesh in the region of the leading edge of the
wing, while Figure 28 depicts the two meshes in the region of the fuselage-symmetry plane intersection, where the
quadrilateral faces of the prism elements are visible on the symmetry plane. In both regions, the refined mesh region
is seen to reproduce smaller cells of similar aspect ratio and quality to those of the original coarse mesh, as expected.
Furthermore, the transition elements can be seen to provide a smooth change from the refined regions to the coarser
regions, both on the wing-body surface and through the boundary layer as seen on the symmetry plane.

The next step involved running the WMLES simulation for HLPW5 Case 1 with a sequence of adaptively refined
meshes. The flow conditions for HLPW5 Case 1 are Mach = 0.2, Incidence = 11o, and Reynolds = 5.6 million. We
initiated the runs on 6360 cores in order to test the scalability of the entire AMR-CFD procedure, as well as to enable
timely simulation on the resulting refined meshes. We ran 3 refinements throughout the course of the simulation, with
the mesh increasing from 5.4 million points to 44 million points on the first refinement pass, to 220 million points
on the second refinement pass, and to 1.02 billion points on the third refinement pass. NSU3D was run on the first
(original), second, and third meshes of the refinement sequence. A solution on the fourth mesh was not attempted
due to resource limitations, but the mesh was generated during the same simulation run in order to demonstrate the
efficiency and scalability of the AMR process.

Figure 29 depicts the computed iso-surfaces of Q-criterion, colored by vorticity magnitude for the first three meshes
of the sequence. The figure shows the capture of finer turbulence scales in the WMLES simulation as the mesh is
adaptively refined, with the finest scales observed on the third mesh of the sequence, especially near the wing root and
upper surface of the fuselage.

Table 2 provides a summary of the adaptively generated meshes in this WMLES calculation and the wall-clock
time required in the different phases of the AMR process. As mentioned previously, this case does not include the
CAD surface point projection, but includes the insertion of transition elements. On the last refinement pass, the mesh
resolution is increased from 220 million points (519 million cells) to 1.02 billion points (2.25 billion cells), which
requires a total wall-clock time of 48 seconds, running on 6360 cores. This is broken down into 9.9 secs for the t8code
element subdivision and load rebalancing operations, 11.3 secs for the rebuilding of data structures, and 27.6 secs for
the insertion of transition elements. This corresponds to approximately the time requried for 1.7 BDF2 time steps of
the finest 1.02 billion point mesh running on 6360 cores.

Figure 27. Initial (left) and first level adaptively refined (right) mesh generated on HLPW5 Case 1 HLCRM-WB in leading edge region
illustrating preservation of mesh quality and cell aspect ratio in AMR process.
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Figure 28. Initial (left) and first level adaptively refined (right) mesh generated on HLPW5 Case 1 HLCRM-WB in fuselage-symmetry
plane junction region illustrating preservation of mesh quality and cell aspect ratio in AMR process.

Table 2. Mesh sizes and timings for 3-level adaptive refinement of initial coarse Heldenmesh WMLES mesh for HLPW5 Case 1 test case
running on 6360 cores.

Figure 29. NSU3D WMLES isosurfaces of Q criterion colored by vorticity magnitude showing increased small scale resolution on AMR
meshes; (left) original Heldenmesh 5M pts, (center) first level AMR, (right) second level AMR.

Figure 30 shows the time-histories of the force coefficients computed on the first and second refined meshes of the
sequence, compared to NSU3D results obtained previously for the workshop running on the XC and C (static) work-
shop provided meshes, for reference. (The initial mesh of the AMR sequence, with only 5.4M points, is considered too
coarse, and results are not shown for this mesh.) In these simulations, the flowfield was reinitialized to freestream after
each adaptive mesh refinement operation, before resuming the WMLES flow solution process on each level. Although
this approach is not optimal from an efficiency standpoint, it avoids any issues of solution hysteresis for this initial
investigation.

The WMLES solution on each mesh level was run for 24 CTUs with a time step of 0.001, and from 24 to 36 CTUs
using a smaller time step of 0.0005. The results for the first AMR mesh level are close to those of the XC workshop
mesh, while the second AMR mesh results fall in between those of the XC and C workshop mesh levels, indicating
correct trends with increasing refinement.

It should be noted that the wall normal resolution of the AMR meshes is significantly smaller than that of the
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static (XC or C) meshes against which they are compared in this plot. For the second refined mesh, the wall normal
resolution is in the range of y+ = 80, which led to the third refined mesh (not shown here and not used for a WMLES
solution) having a wall normal resolution of y+ = 40, which is too low for WMLES runs. A floor on the refinement
level near the wall can be used to avoid over-resolving this region of the boundary layer for WMLES, as shown in
reference,2, 14 although this has not been attempted here.

Figure 30. NSU3D WMLES force time histories for HLPW5 Case 1 on adaptively refined meshes compared to original Heldenmesh
generated XC and C workshop meshes.

III. Conclusions and Future Work

In this work, we have demonstrated an AMR strategy based on isotropic mesh-element subdivision for both RANS
and WMLES CFD flow solvers. Although isotropic subdivision does not generally yield meshes as optimal as those
produced by anisotropic remeshing, the method is very efficient and highly scalable, and our interface is designed to
integrate tightly into existing workflows for legacy CFD solvers. This has been illustrated here using both the NSU3D
and FUN3D flow solvers.

The approach has been applied to steady and unsteady RANS cases as well as WMLES problems, spanning
canonical benchmarks through configurations of industrial complexity. Ongoing work focuses on further development
and validation of refinement criteria for WMLES, and on quantifying the accuracy and efficiency benefits of the AMR
procedure for both RANS and WMLES problems.

A second major thrust of this work is the extension of the AMR interface to flow solvers running on GPU archi-
tectures. Our initial strategy involves coupling multi-GPU flow solvers to the AMR interface running on all available
CPU cores. In a subsequent phase, AMR operations will be progressively migrated to GPU kernels, although the
t8code library will remain CPU-resident, as this is a third-party library and its performance appears to be fast enough
to remain CPU-resident without creating a workflow bottleneck.
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