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Motivation

* Adjoint allows error estimation (and thus
adaptive control) for specific objectives

— Focus computational resources on output
objective of interest

— Conserve resources by de-emphasizing
resolution/resources in regions that do not affect
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Motivation

* Adjoint error estimation well known for spatial

error estimation and control (AMR) for steady-
state problems

* Extend to multidisciplinary time-dependent
problems

* |nvestigate formulations that can be used directly

with existing discretizations/frameworks

— Precludes space-time formulations, solver
modifications

— Lower potential, but more immediately applicable



Outline

Theoretical Formulation
— Linear continuous formulation
— Non-linear discrete formulation

Formulation for Temporal-Algebraic error estimation in
time-dependent ALE problems

— Verification of error estimates
— Adaptive control of temporal-algebraic error

Combined spatial-temporal-algebraic error estimation
and control

— Equidistribution of error
— Optimal cost error control

Generalized formulation for multidisciplianry problems
Conclusions/Future Work



Adjoint Error Estimation
Continuous Linear Formulation

Consider solution of:  with scalar output of interest:

Au = f L =(g,u)
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Adjoint Error Estimation
Continuous Linear Formulation

Consider solution of:  with scalar output of interest:

Au = f L =(g,u)

L can also be computed as (dual problem):

A*v=g L =(v, f)

where A* is the adjoint operator of A defined as the
operator that satisfies:

(Au,v) = (v, A*v)



Proof

L= (g,U) — (A*V1 u)l by definition of
|_ — (g ’ U) — (V, AU) adjoint operator

L = (g,U) — (V, f) < Using Au=f



Continuous Linear Case

For an approximate L = L({) :

L—L =(g,u)—(g,d)
L—L=(g,u—0)

—L = (A*V, U— G) Error in L is given by
inner product of

L
| — E — (V, A(u _ J)) adjoint solution with
L /

primal residual exactly



Continuous Linear Case

* Adjoint problem same expense as primal problem
* Assuming cheaper approximate adjoint solution VV

L—L=(V,AT—f)+(v-V,AlT - f)

{

O(1) small small small

L~ L =L +(V,AT - f)

* Provided:
— Ukconverges to u (primal consistency)
— \/converged to v (dual consistency)

corrected



Non-Linear Discrete Case

* Use subscript h to denote discrete operator/solution
— U, is exact discrete solution (unknown)
— U, is approximate discrete solution (known)

* Exact (discrete) functional can be written as Taylor
series about known approximate functional value as:

- dLL ; .
Lyp(uy,) = Lyp(uy) + ( i ) (up —ug) + -
oy, i,

* Since residual of exact discrete solution must vanish

) JdR
Rh(uhj — Rh[llh} T [du}h

* Obtain expression for error in solution
OR, 1
ouy,

] (up, —a) +---=0
il

R (0"

up — ﬁh ~ — [
up



Non-Linear Discrete Case

e Substituting into Taylor series for L:

) oL oRrR,1 ' .
Lh(llh) ~= Lh {Llh) — (— h) [ , h] R-h{l_lh)
ouy, i, ouy, &,

* Defining an adjoint variable as

AT _ _ (Ol Ry [ath AT (%)T
S duy, ) o | Oup |4 ou g " \ow )y,

e (Obtain

Lh(llh) — Lh[flh) ~ A}:Rh(ﬁh)

* Note: Even for exact discrete adjoint solution, estimate is
approximate due to non-linear effects



Interpretation of Adjoint Variable

co(22). 2],
e oy, i oy, i
oLy,

- Sensitivity of objective wrt residual
dRy,

T _
_.-.’lh —

5L, = —A} 6R,,

Lh(llh) — Lh[ﬁh) = ﬁ}:Rh{ﬁh)

Generalized Green’s function



Non-Linear Discrete Case

* As previously, exact (discrete) adjoint may be as
costly to obtain as exact solution u,

~

* Using approximate discrete adjoint A,

Ln(up) — Liu(tn) =~ AT Ry () + (AT — AD Ry (ay)

computable unknown

* Computable term will provide good error estimation if
have asymptotically converging approximate A, e.g.

IRy oL\ -
[ ] AL =— ( ) A = Iirﬁ”
gy ugy

é?lljf Eﬂll;;

* Note 2 types of approximations
— Approximate adjoint
— Non-linear errors



Functional Relevant Error
A Simple Spatial Example
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Arbitrary coarse resolution - H Arbitrary fine resolution - h
Functional using 1. Functional using 1y,
redl sohifon on By real solution on h:

Can we estimate true fine level functional using only coarse level solution?



Functional Relevant Error
A Simple Spatial Example

e Here solution is approximate because is obtained from
coarse grid w, = Ijuy

Li(un) = Li(tn) ~ A RA(04) + (A} — AR (1)

* Use approximate adjoint computed on coarse grid

aRH T AT——
dupy . B

aLH T -~ h
GLIH)UH ‘ Ap = IHAH



Example: Spatial Discretization Error

* Mach 6 flow over cylinder solved with h-p adaptive Discontinuous
Galerkin scheme

* Objective is integral of surface temperature deS of cylinder

e Adjoint error estimates used to drive spatial h (mesh) and p (order)
refinement

* Refinement occurs ONLY in region of shock that affects objective



Example: Refinement History

525
52

515

Target function

505

——+&—— adapted

adapted+correction

0 50000 100000 150000
DOF

* Adjoint predicts discrete functional value on next refinement level
— Not a predictor of total error/continuous functional value
* Error prediction improves at each refinement level

— Decreasing non-linear error
— Superconvergence of 2" error term

* Final prediction is very accurate



Different Error Sources

 Multidisciplinary time-dependent simulations
contain many error sources

* Approximate nature of solution U has not been
specified
— Computed on coarser grid (spatial disc. error)
— Computed using larger time step (temporal error)
— Not fully converged (algebraic error)
— Computed using low fidelity model (modeling error)

— Combinations of above

e Can we use a single adjoint calculation to estimate (and
control) different error types ?



Sources of Error

Multidisciplinary
solution
Temporal Spatial
discretization discretization
error error

A

Algebraic error

Within each type of error, contributions from each discipline




Characteristics of Time Dependent
Problems

lgnore spatial error for now...
Temporal error due to discrete (large) time steps

Algebraic error more prevalent for time-
dependent problems

— Impractical to converge each implicit time step to
machine precision

Temporal and algebraic errors are intimately
related for time dependent problems

— Smaller implicit time steps converge faster

— Algebraic error accumulates over all time steps

Must be considered simultaneously



Simple Multidisciplinary Time-
Dependent Example
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* Pitching airfoil with deforming mesh

* Estimate temporal and algebraic error
— lgnore spatial discretization error for now



Governing Equations

Flow equations solved in ALE form at each time step

Mesh deformation equations solved at each time
step (prescribed airfoil motion)

R.h{[:h, }{h) — 0
(}h{:’{h) =3

Represents integration over all space and time

At a given time step (BDF2)
R"™ — Rn{Uﬂ I_]'n—l 'L‘?'r,—'.?;' n! Kﬂ—11}:?1—2} —

Gp(xp) = —{[h]dr—c‘irmﬁ}—ﬂ



Temporal Error Estimation

- OLy, | dL
Ly(Up.xp) = L (UH xH) + L?T_—Th (U, —U) + L}_h] (xp —xi) + -
h Ul xH Xh | xH UH
ORy}, | IR
h 1 UH xH Xh JxH UH
oG
Gulaa) = Gul) + [f] =)+ =0
h xH

Lh(Uh’Xh): Lh(UH’Xrll_I)_Fgccl_I—gch

€cey — (f"iUf)TRh(Uth}{hH) €cen — [ﬁ"}if}TGh (KhH)

Temporal error due to flow Temporal error due to mesh



Temporal Error Estimation

Temporal error due to flow

cee; = (Aup ) Ru (U} xp])

[dRH]T A — [f)LH]T
Uy Uy ~Kff‘ o dUy Uy xy

\ H _ 7H,
Aup =1 Aupg

R, hon zero because evaluated with
approximate flow and mesh solution
obtained using larger time step

Temporal error due to mesh

HA\T g~ H
EG{‘.Q — (*ﬁl}ih) Gh(}:h

1
K T_-"'LK =~ x5 ) A« '
K]" Axp (Af) Cherr)
o [PRe o
)'k}(_ {(Adj)h [!:_;)Xh]'[_]fxg + [dxh]}if}

H H
iﬂlxh — 4y AKH

Gy, non zero because evaluated with
approximate mesh solution obtained
using larger time step



Algebraic Error Estimation

OLy

] 9Ly )
Ly(Up.,xp) — Lg(Ug,Xg) ~ [—] (Ug —Upg) + [ ] (X —Xp)
( dUH I:]H:-}_‘:H dXH }TCH,I:TH
] ) JR _ oR _
Ry(Ug,xy) = Ry(Upg,xpy)+ [ﬁ _— (Ug —Uygy) + [Xj o (xg —Xg)+---=0
Similarly for mesh residual.....
I—H (UH ’XH) — —h(UH ’XH)+gcclp +gchp
— . T A _
€eer, = (Aup) R(Upy,xp) €y, = (Axn) G(Xm)

/ N\

Algebraic error due to flow Algebraic error due to mesh



Algebraic Error Estimation

Algebraic error due to flow

€er, = (Aug) R(Uy,xp)

R T \ o ALy T
. Auy JdUg Uy Xy

R,, non zero because evaluated with
approximate flow and mesh solution
obtained partial convergence

Algebraic error due to mesh

HAT H
€ccg — [*’A"Kh} Gh[ h

K" Ay = —(.i) Ooerr)”

IR L
with A = < (Avg)" [d H] N [dX—H]
XH |0y 5 H 2% Un

Gy, non zero because evaluated with
approximate mesh solution obtained
using partial convergence



Solution of Flow Adjoint Equation

OR
[—H ﬁUH

! _ [oLy)’
Uy B

]:IH.}TZH

Rﬁ, — R_ﬂ(Uﬂ I_]'n—l '[_*?1—2 Xﬂ Kﬂ—l X?l—Z) —

-e.'rELIEUJ
sul 0
aR2(U) aR2(U)
ETig! B2
AR (U) R (U} st (U
gl AU AU
0 [er™— 1 [ar™— 1l [ar™— 1l
aun—3 aun—2 sun—1
- CTAR™ (U] CTAR™ (U]
[ aun—2 [ pun—1

Lower triangular form over time

AR™ ()

oy




-

Solution of Flow Adjoint Equation

T

ORpy
dUpy

aLH]T

;'ﬂ!t — - -
v [aUH

UpXp Uy Xy

R — R_ﬂ(Uﬂj I_]'n—l;'[_:n—ﬁ?xn: Xﬂ_i,){n_z) — ()

femrl(u)]? fer2(u) |7 Ter3(uy |7
sul AUl aUl
= o ™ = q T ~ 4 T . r AL
aRr2 (1) ar3 (u) ard(u) 0 oAl S Ul
U2 U2 a2 A2 L'_Ef
L L - - IE‘.T
a3 [u
A aus
far™ 2|7 [er"—tn 1T [er™u) T .
B ————— T T e TTh— ) -
suUn—2 sUn—2 | sun—2 g1 : 8L
0 Torn—t |7 rerm(u)T | | Tam | ST
aun—1 | aun—1 L 7O
-l?.'i'H“':U:'- T
|} I?.T

ﬂk+2

4

oR*(U) T oL OR*1 (U L oRF2(U) 1T
\ ﬁlk — o ﬁ.ﬂ 1 \
ouk | ¢ oUF Uk ‘ oUk




Combined Temporal and Algebraic Error

For temporal error estimation, assumed coarse time
solution was fully converged prior to projection to
fine time level

In practice, approximate solution is partially
converged on coarse time step solution

— Algebraic error estimate is unchanged (no projection)

— Temporal error estimate includes temporal error and
algebraic error

H H
L. (U, %)=L U X)) + e + &
E + Temporal error due to flow

E

ccl — €

0228

cclp

+ Temporal error due to mesh

C cc2p

Additive error estimation is best we can do within
context of adjoint formulation (a linearization)



Simple Multidisciplinary Time-
Dependent Example
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* Pitching airfoil with deforming mesh

* Estimate Temporal/Algebraic error in time-
integrated lift over 15t quarter period



Validation of Error Estimates

Temporal discretization error only:

Flow/Mesh H/h Ls(Un,xn) | Lin (U,’f ; x,},’ ) Exact Predicted Ratio
Convergence Error Error
Tolerances
2e-14/1e-15 8/16 4.7627748 4.7419952 0.02077960 | 0.02222993 | 1.06979621
2e-14/1e-15 16/32 4.6769170 4.6602314 0.01668557 | 0.01616314 | 0.968363998
2e-14/1e-15 32/64 4.6352466 4.6257924 0.00945421 | 0.00945039 | 0.99959626
2e-14/1e-15 64/128 | 4.6149705 4.6097293 0.00524124 | 0.00524024 | 0.99980920
Flow algebraic error:
Flow/Mesh | H | Ly(Uy.xy) | Lu(Ug.xg) Exact Predicted Ratio
Convergence Error Error
Tolerance
le-5/1e-15 8 4.9477907 4.9335132 0.0142775 | 0.0143015 | 0.9983222
Mesh algebraic error:
Flow/Mesh | H | Ly(Uy,xy) | Ly(Ug.xg) Exact Predicted Ratio
Convergence Error Error
Tolerance
2e-14/1e-5 8 4.9477907 4.9477703 2.0380075e-5 | 2.0631192¢-5 | 1.0123217




Validation of Error Estimates

Combined total error:

Flow/Mesh H/h Ly(Up.xn) | Lnl Ufll . 5(,’1’ ) Exact Predicted Ratio
Convergence Error Error
Tolerance
le-5/1e-4 2/4 5.3287125 5.2361864 0.0925261 | 0.0897410 | 0.9699000
le-6/1e-5 4/8 4.9477907 4.9142574 0.0335332 | 0.0364249 1.0862345
le-7/1e-6 8/16 4.7627748 4.7419952 0.0207796 | 0.0222299 1.0697962
le-8/1e-7 16/32 4.6769170 4.6602314 0.0166855 | 0.0161631 | 0.9686899
le-9/1e-8 32/64 4.6352466 4.6257924 0.0094542 | 0.0094503 | 0.9995962
le-10/1e-9 64/128 4.6149042 4.6097293 0.0051749 | 0.0051738 0.9997898




Adaptation Results
General Notes:

Targeted temporal adaptation compared against local error-based adaptation:

Local error estimated as:

[(l.—lU} [(/.—1U:|
€local — -
dt | ppps dt | gpro 0

Adaptation strategy:
Sort by time-steps by error contribution - decreasing order
Parse down list and flag time-steps for refinement until 99% error 1s covered
Same for all error components

Temporal resolution adaptation = divide time-step by two
Convergence tolerance adaptation = tighten by factor of 3



Adaptation Results
Time-Integrated Functional

Interaction of a convecting vortex
with a slowly pitching airfoil.
NACAO0012 airfoil pitching at
ke=0.001. Mach number 1s
0.4225. Starting at 50 steps o oo RO DS
uniform time-steps. D B v |




Adaptation Results
Time-Integrated Functional
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Functional
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Adaptation Results
Time-Integrated Functional
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(b) Functional error convergence



Functional
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Adaptation Results
Time-Integrated Functional

—l— Adaj
—aA—— Corr

————— Exat
—@— Unif
—w— Adaj

pted
ected
ot
orm

pted (Local)

k 10
Wall Time

00 2000 3000

(a) Functional convergence

Functional Error

10"

107 F

10°

—®— Adapted
——ish—— Corrected
——— Uniform
——y—— Adapted (Local)

/A

I 5(50
Wall Time

1000 1500

(b) Functional error convergence




Adaptation Results
Time-Integrated Functional
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Flow convergence tolerance

10°
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Adaptation Results
Time-Integrated Functional
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Combined Spatial-Temporal-Algebraic
Error Estimation

* Previous example omitted spatial discretization error

— Well known already
— Complications for time-dependent mesh refinement (AMR)

* Must consider all 3 error sources simultaneously to
reduce total simulation error
— Use static mesh time-dependent case with exact solution

— Time and convergence are 1-dimensional error spaces

* Cost of adjoint is same as using twice as many time steps or twice
the convergence tolerance

— Maximum benefits come from reusing single adjoint
calculation for all error sources



Motivation

Isentropic Vortex Objective Function

- Freestream (M, = 0.5)

60 1 1
- Max Perturbation (M = 0.2) L(U) :/ / / » dxdydt
- Core Radius (R, = 0.5) 0 J-1J-1

Exact (analytical) solution:
239.52558800471

* Examine total error (wrt exact functional) by refining in
space, time and convergence tolerances



Total Functional Error as Function of
Refinement

Error vs Time Steps
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* Increasing temporal resolution
ineffective at reducing total
error on coarse grids

Relative Error

5 Error vs Grid Elements
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—6— 16
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256
107}
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Number of Grid Elements

* Increasing spatial resolution
ineffective at reducing total
error using large time steps



Total Functional Error as Function of
Refinement

Error vs Time Steps

107 ; :
[—e—1176 [
| —e—4704 ]

- 18816 |

| —e—75264 |

301056 ||

107t

6
L0
(0]
=
5
(0]
1

10-61 I ‘ ‘ ‘ — 2 ‘ I I ‘ ‘ - 3

10 10 10

Number of Time Steps

* Increasing temporal resolution
ineffective at reducing total
error on coarse grids

Error vs Total Degrees of Freedom
T T
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Increasing convergence tolerance
ineffective at reducing total error
unless have fine mesh and time
step resolution



Combined Spatial-Temporal-Algebraic
Error Estimation

Equations over space and time:
Rh (Uh) =0

Goal is to estimate all error sources using a single
adjoint solution (on coarse mesh, large time steps,
partially converged)

OR(U) Tﬁ_ aL(U) 1!
ou | T | aU

Requires backwards integration in time

srliuy]? ar2(u |71 sr3(u) | T
Gl Bul AUl o1
sr2(u) |7 sr3(u) |7 srd(u) |7 0 Al aU!
BUZ auz 5U2 A2 %
) Al IJ .
. aud
sr"—2uy ] T srm— 1 7 armtiu T : :
pun—2=I U —12 sun—2 gn—1 8L
0 sr™—1uy |7 sr™ (T A sun I
] aumn—1 aurm I E.'D-‘
ART (L) T
FE) 0




Combined Error Estimation

 Spatial error estimate L(U.) — L(U) = ATR(U,)
— Coarse solution projected onto fine mesh
— Coarse adjoint projected onto fine mesh

. (U, — Ly(U,) = ATR, (U
* Temporal error estimate L) Z g = AT

— Coarse solution projected onto fine té’mporal domain
— Coarse adjoint projected onto fine temporal domain

* Algebraic error estimate L(U) - L(U,) = AITR(U,)
— No projections required

* Each error type estimated individually and used to
drive adaptation of that error type



Space-Time-Algebraic Refinement

o Allowable mesh patterns
@ Time is split 2:1

—_— =

@ 2:1 enforced
between adjacent
time intervals

S @ Variable time step
BDF2

-.-.___d_.-"""""M,‘_H-~h “'“ﬁ-._h_\hx ] -H-‘“».._\
> - T
a-""-'--- ~ .-‘"-J-FFF- T -
e e . b Sl
. . - . o 1“&_
e - k = N, )
"-\-\_\_\_\_ - N . T ", ul
"'\-\.__\_H--fﬂ_,.d- “'n___:l____i_,.- -\--\-‘ha"-.ﬁ

* Convergence tolerance reduced by 1 order of magnitude



Computational Procedure

Solver Flow Solver —=

& & £

<—— Adjoint Solver
o

Inner Product ) Algehrail: Error —>

L)

& &

&

1

Projection Time Solution Projection —=
e . o ¢ ° ® @ ©

«<— Time Adjoint Projection
= = = =

1]
»

o
-

Time Error ——=
4 S

i

Space Solution Projection —>
G L5

<=—— Space Adjoint Projection
i s

o

Space Error —>

1]

i
i



Adaptive Error Control Strategy

P Scbm [ @ User specifies global error
tolerance

- Component error is equal

Calcubste: Error

Conirbations fractlc.in Of gl{}bal
es Spatal Ermor = Tolg
e I TolGiopal
E keavasitis + TG]‘IT —
) Temponal Emor = Tol 3
I-‘.r:l;'-:.T ma o Mo TG IGI;GI!}EII.
, Tols =
Yes Azl Efmod = Tl 3
Y T TolGiobal
Convergance 1 O IC p—
Repeal ? a5 3



Spatial Refinement Strategies

Initial Parameters (Sweep 0)

Refeament ke

e Effect of refinement frequency and target error level



Spatial Refinement Strategies

Sweep 1

e Effect of refinement frequency and target error level



Spatial Refinement Strategies

Sweep 2

e Effect of refinement frequency and target error level



Spatial Refinement Strategies

Sweep 3

e Effect of refinement frequency and target error level



Spatial Refinement Strategies

@ Lessons learned

- Refine every time step
- Initially refine only the largest errors then increase refinement
near the end

@ Previous work for steady state problems (Nemec, etc.
AlAA-2008-0725)

- Followed a very similar increasing refinement scheme
- Showed an increasing error refinement tolerance always
produced less costly computations

@ Extend their work to unsteady solutions



Spatial Refinement

@ Define maximum allowable error s for each cell

Tols

N
z Elements,

n=1

5 —

@ Refinement parameter r!
- Ratio of actual element error to allowed element error

I
s

i
rl =22
s 5

o Flag elements whose r! exceeds a threshold A,

- Equidistribute error over every element of every time step n
- Allows refinement every time step but does not force it



Temporal Refinement

@ Define maximum allowable error t for each cell

Tolt

N
Z Elements,,

n=1

f—

o Refinement parameter r/
- Ratio of temporal error per time step

Elem"™

~ t x Elements,

o Flag time steps whose r! exceeds a threshold \;

- Equidistribute error over every time step n



Algebraic Error Refinement

@ Define maximum allowable error ¢ for each cell
Tolc

N
Z Elements,,

n=1

c =

o Refinement parameter r/
- Ratio of convergence error per time step
Elem"”
i
r_‘.c
n i=1
. =
c X Elements,

c

o Flag time steps whose r! exceeds a threshold \;

- Equidistribute error over every time step n



Test Case Initial Conditions

Isentropic Vortex
- Freestream (My, = 0.5)

60
- Max Perturbation (M = 0.2) / / / p dxdydt
- Core Radius (R, = 0.5)

Objective Function

Exact (analytical) solution:
239.52558800471

@ Convection of Isentropic Vortex

16 initial time steps

1176 grid elements at every time step

Initial residual converged 1 order of magnitude in Ly norm
Threshold values 32, 16, 8, 4, 2, 1

Tolgiopa <= 103 for a relative error <= 10—°



Results
Adaptive Convergence Tolerance

Comergence Tolerance vs, Time

. o

@ Initial convergence tolerance 0 O .
: P
refined - .

@ Next 2 refinement sweeps the
convergence tolerance was OK

Re=situal Resuctian

@ Last 3 refinement sweeps —-———-——
targeted the early time steps for
refinement

1

TiFna



Results
Adaptive Time-Step Selection

Tirve Step Size vs. Tima
4 | r r T r r |

1) SR

== Cyvaap O [
e TANEE ]
il S Swaap F

o Next refinement sweep the time [ et |
step size was OK

@ Initial time step size refined

25

—a—Sweep ||

@ Last 4 refinement sweeps
targeted the early time steps for
refinement

Tirne Sieg S5i7e




Results
Adaptive Mesh Refinement

Elermenis at aach Time Step

@ First 2 sweeps refined the mesh

@ Next 2 sweeps mesh was OK

=
C..
T

@ Last 2 sweeps mesh was refined

Elaments par Time Stap

@ When the spatial error is above
the tolerance all time steps had

elements refined

-
q:.-I.
-
T

i




Adaptive Mesh Refinement

Sweep 0

Sweep 1




Adaptive Mesh Refinement

Sweep 2




Adaptive Mesh Refinement

Sweep 4




Adaptive Mesh Refinement

Sweep 6

@ Refines mesh between vortex and integration region

- Time integrated objective function
- Heavy refinement when vortex is close to integrated region
- Not as many refined elements at final time steps




Functional Error vs. Cost

e Work Unit
Wark per Sweep

Ry P et Uifiorm :
:{=#=Thrashald ]

- 1 Elements Ol i et

- 1 Time Step CETEE I R WS s R
- 1 Order of Magnitude .u=_._..:-.:..

@ Uniform Refinement Sweep

5 100
- Splits all time steps equally i
- Isotropically splits all elements 2 |
- Increases convergence
tolerance by 10

@ [hreshold

- Threshold tolerance of 32, 16, 'l = m — '...;nl - ..3 : .51-[:'..
8’ 4’ 2' 1 Wik Lini s



Functional Error vs Cost

@ Uniform Refinement Sweep

- Cost of only final solution
- Same curve as previous

@ [hreshold

- Total of all previous solution
and adjoint costs

@ [hreshold

- Final solution is most
expensive so little added cost
from previous steps

- Large increase in accuracy

i’
. == Uniform
:{ =8=—Threzhold |]
i L RS
- 1 g i
= L
i it
a4 - .
= L -
= o ™
& g L S -~
i :
“]:' ] : T I L]
T 10 lig 10 i i
Winrk it

Cumulative Work per Sweep




Optimal Cost Error Reduction

e Obtain optimal total error reduction for given
computational budget
— Requires weighting of error with cost associate for
reduction

Cost = Additional non-linear iterations required on an element

@ Common parameter associated with all sources of error
@ Non-linear solvers have a convergence rate
- Newton's method (g = 2)

lim [€n 1l _ Where:
n— oo ‘gn‘q |

| k = Non-linear steps
k = ng(En—kk) ‘En — Startmg error

qlog(&,) {nvk = Final Error



Optimal Cost Error Reduction

Cost of Refinement (CoR) for each error type

CoR. = (Elements within Time Step) x Ak
CoR; = (Elements within Time Step) x k
CoRs = (New Elements = 3) x k

Use this cost to normalize all error types
@ Allows comparison between discretization sources

o Simple application (Error/Cost)  Tol,



Optimal Cost Error Reduction

Determine how much “excess'' error exists in solution

fex = Ecst — l0IR

Refine largest error/cost refinements until £¢ is accounted for

@ Previous research has shown an increasing error refinement
tolerance always produces less costly computations.

- Nemec, etc. AIAA-2008-0725
Modified using (A = 16,8,4,2,1, ...)

- Ecst — lolR
= A




Optimal Cost Error Reduction

@ Convection of Isentropic Vortex

- 16 initial time steps

1176 grid elements at every time step

Initial residual converged 1 order of magnitude in Ly norm
Threshold values 16, 8, 4, 2,1, 1

Tolgiopas <= 10—3 for a relative error <= 10-°



Results
Algebraic Error

Convergence Tolerance vs. Time

0,12
. . *—= Sweep
o No refinement until after 4th « Sweep1l
. 010 - e em Sweep 2 [0
solution sweep ) r s cween 3
- All steps refined 2 0.0 el
- Reducing threashold value ¢ s 4 Sweep 6
a
(4 — 2) 2 006
w
@ Refinement targets initial 2 0.0:
[
time steps

0.0

Time



@ Initial time step size refined

@ Each refinement sweep has
some time steps refined

@ Maximum of 3 refinements

Results
Temporal Error

4.0

1.5

3.0

Time Step Size
[ = P Pd
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Time Step Size vs. Time
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Elements at Time
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Results
Spatial Error

Elements vs. Time
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Optimal Cost Error Control

, Vortex Sweep 0 , Vortex Sweep 1
10 S s —— = 104 = e e e T
_--""---- __'_,__--"
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1_::':! ____r" 1‘:.'l:l - gl
— 11 — ¥
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L 10°F 1t
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10 * & Spatial 10 * & Spatial
B B Algehraic B B Algebraic
101 B & Tempora ot H E Tempora
Refine Thrashold Refine Thrashald
-10
e 1= - e
10° 0¥ 10 10° 10f 10" 10t 10° 10° 10 10® 10f
Cost

-0
1 -
10" 10"
Cost

Line depicts constant Error/Cost Threshold
— Refinement opportunities above line to be excercised

— Refining a single spatial element is inexpensive
— Temporal/Algebraic refinement apply to all elements (more expensive)



Optimal Cost Error Control

, Wortex Sweep 5 , Vortex Sweep 6
102 B 10 B
10" 10"
1o 1o
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10’ = & Tempora 107 |m = algebraic
Refine Threshold " B Temporal
1wt : ' !
10" 10t 10? 10¥ 10 10® 10f 10” 10t 10° 10° 10 10° 10®
Cost Cost

Line depicts constant Error/Cost Threshold
— Refinement opportunities above line to be excercised

— Refining a single spatial element is inexpensive
— Temporal/Algebraic refinement apply to all elements (more expensive)



Summary/Trends

* Cost weighted refinement tends to perform more
spatial refinement because of lower cost
— Can add individual new mesh cells
* Inherit time step and convergence tolerances of parent cells

— Temporal refinement results in 1 new time step for all
mesh cells

— Convergence tolerance refinement applies to all mesh
cells

e Qverall delivers lowest total error for fixed
computational budget



Generalized Error Form for Time-
dependent Multidisciplinary Problems

* Consider multidisciplinary objective given by
L=LU)=L(%, %, - Up,)

* With coupled disciplinary residual equations to
be satisfied over all space and time

,:,’5?1 {‘?fl ‘?XE T ';?xm} =0
j?g{'?fl ‘?XE Ty ';ﬂ’fm} = ()
f:j?m{';?xl-. ‘?XE T ';?xm} =0



Generalized Error Form for Time-
dependent Multidisciplinary Problems

* Taking Taylor series expansion of objective
about approximate state

- [eL] = -
(%) = L(%) + | o= | (2% = 2%)
L& L Ty
[ OL | .
+_am1#(2 2)

oL , -
Ry '?fm - '?xm
+[&ﬁ%]w{ )

,, 3. Il 7, ("th—"‘?}z]
L(?Z}L(?Z)—[ oL oL = 9L

AU, 09U U, 7

{'}‘?Kmh — '.)‘?Em}




Generalized Error Form for Time-
dependent Multidisciplinary Problems

* Linearizing multidisciplinary residual equations

oR,  OR, oR, |
. -~ ORy  OHR- OAR _ ~
R (2 ) R (U — — e DUy — U
| ) | 9 o U, N
- R (U ) | e ,21;) OR. OR.. OR.. (2, — .;l;;m}
o, Uy, — OU, .,
L A
- 4 —1
OR 1 OR 1 OR 1
_ o~ R 2 OR 2 OR 2 ' -
=)\ w sw | o, RAU)
| (U — ) | OR . OR OR, | A U)

d‘ﬂ”] C)‘?XZ o dl;ﬂ'fm y
L W



Generalized Error Form for Time-
dependent Multidisciplinary Problems

_ 4 —1
o r",f:f?l OR 1 OR 1
(ﬂ"’l . {;}1) d’?fl C)’?fg d{?fm 'ﬁl({?f;)
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Generalized Error Form for Time-
dependent Multidisciplinary Problems

e Substituting into objective linearization

L(U) - L(%) =

- 9 -1
d,‘f%] OR 1 OR 1
o2 0% oU R ( "E‘f )
SforooL oL G om T ow, || P
oU, OU. ou,, | .
w :
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| d
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Generalized Error Form for Time-
dependent Multidisciplinary Problems

o, T
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Generalized Error Form for Time-
dependent Multidisciplinary Problems

- R (U ) _
- 27 T T T ;3’0(2{)
Etotal = L(?K) T L(J‘?f) = + [ *"1{-’!1 iﬁl{-’f’g o *ﬁl’.’-’f’m ]
R )

Ctotal = L(U)—L(U ) =
+ {4.-1?;?,1 RUU) + N, Ro(U) + -+ Ny, R (U )}

* Erroris broken down into disciplinary contributions
— Spatial, temporal, algebraic error of each discipline
— Coupling error using fully converged disciplines with lagged values

— Disciplinary modeling error possible if can project low fidelity model
solution to high fidelity space



Conclusions

* Adjoint methods allow estimation and control of
error for specific simulation outputs

* Using a single adjoint solution it is possible to
estimate and adaptively control various sources
of error

— Spatial
— Temporal
— Algebraic

* Techniques extend naturally to multidisciplinary
problems



Conclusions

* Focus has been on techniques that can be applied to
existing production level simulation codes

* Further optimizations are possible if
discretization/solvers are designed with adaptive
error control in mind from the outset

— Space-time formulations

substeps

— Variable local solver tolerances
— h-p discretizations

T T TR RN T R R T -

Spatially varying time implicit steps



Conclusions

* Novel discretizations /solvers hold promise for
large gains in efficiency and accuracy

* Extending even current spatial-temporal-
algebraic error estimation and control
techniques to 3D time-dependent
multidisciplinary problems is challenging
— Multidisciplinary adjoint solution
— Dynamic AMR
— Load balancing



